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Abstract 
A compact convex set P, symmetric about the origin, is called reducible if there is 
another compact convex set Q, not symmetric about any point, such that P = {x - y : 
x, y E Q}. For example, a regular hexagon is reducible because it is the difference set of a 
triangle. In this brief survey, we will concentrate on red ucibility (and the related concept of 
decomposability) for polytopes, indicating how this subject from combinatorial geometry 
boils down to a problem in computational linear algebra. 
1 Introduction 
We work in euclidean n-space. The compact subsets thereof are simply those which are 
bounded and topologically closed. A set is convex if it contains the line segment between 
any two of its elements. The convex hull of a set is the smallest convex set containing it. A 
polytope is the convex hull of a finite set, i.e. the n-dimensional analogue of a polygon or 
polyhedron. The smallest set whose convex hull coincides with a given polytope is referred to 
as its vertex set. The collection of vertices and edges of a polytope forms a graph in a natural 
way. To some extent, we are concerned with the combinatorial properties of this graph, and 
their effect on the geometry of the polytope. 
Although it is still surprizing today to learn that a 2-dimensional euclidean disc is re-
ducible, this fact was apparently known to Euler; the "reducing set" is the well known 
Reuleaux triangle (i.e. the intersection of three discs of radius 1, whose centres form an 
equilateral triangle of side length 1). In fact, any 2-dimensional convex body other than 
a parallelogram is reducible, and euclidean balls of any dimension (other than one) are re-
ducible. It is not hard to check that a parallelotope of any dimension (i.e. a convex set 
affinely equivalent to a hypercube) is irreducible. This more or less summarizes what was 
known before 1960. 
For more general convex bodies, the determination of reducibility is not a simple problem. 
In the mid-1960s, G. C. Shephard was the first to study reducibility in earnest. We note 
that reducibility was originally defined by Griinbaum [1]. The main purpose of this talk is to 
publicize a slightly more recent condition, which is necessary and sufficient for a symmetric 
polytope to be reducible. This condition may be expressed in the form: does a certain finite 
family of linear equations have a nontrivial solution? Thus, to determine the reducibility of 
a given polytope, it suffices to find the rank of some matrix. 
2 Reducibility 
Here is our main result, from [9]. 
MAIN CRITERION 1 Let P be a polytope, symmetric about the origin, V its vertex set, and X 
the ambient vector space. Then P is reducible if, and only if, there is a nonconstant function 
p : V -- X which takes the same values at opposite vertices (i. e. p( v) = p( -v) for all v E V}, 
and for wh'ich p(v) - p( w) is a scalar multiple of v-w, whenever v and w ar·e adjacent vertices 
of P. 
If we add the condition p(vo) = 0 (for some distinguished vertex vo) to this family of 
equations, then the question becomes: do these equations have a nontrivial solution? It is 
now clear that this problem can be solved constructively, and in fact the proof gives us an 
algorithm for finding a nonsymmetric polytope Q which reduces P, or proving that no such 
Q exists. 
We do not offer any new insights into methods for solving linear equations. Indeed, 
members of the audience surely know more about algorithms than this presenter. Rather, we 
will indicate how the criterion above leads us to some large families of irreducible polytopes. 
FAVORITE RESULT 2 Every n-dimensional symmetric polytope with strictly less than 4n ver-
tices is irreducible (unless it is a hexagon). 
Our proof of this [9] is rather convoluted. One argument works for dimensions 6 and 
higher, whilst separate argument are required for dimensions 3, 4 and 5. Numerous sub cases 
need to he considered. The author would welcome news of a simpler proof. 
The following results are somewhat less surprizing. 
FURTHER CRITERIA 3 A symmetric polytope is also irreducible if every 2-dimensional face is 
a pamllelogmm. A symmetric polytope is irreducible if it is the direct sum of two irreducible 
polytopes. A symmetric polytope is irreducible if it is the convex hull of two (possibly reducible) 
polytopes. A symmetric polytope is irreducible if it is the convex hull of each pair of opposite 
maximal faces. A symmetric polytope is irreducible if it is the convex hull of a maximal face, 
with no pair of its edges parallel, and the opposite face. 
Details of these and other results appear in [7] and [9] . The idea in [9] is of course to 
apply our Main Criterion, i.e. to show that any such function p must be constant. Amongst 
other technical results, it is interesting to note that p cannot take precisely two values. 
The rigidity of triangles implies that a symmetric polytope is irreducible if "many" of 
its 2-dimensional faces are triangles. This was known well before our criterion. However, 
it is ).nstructive to check that if u, v, ware three vertices of a polytope, each two which 
are adjacent, then any function p satisfying the conditions in our theorem must also satisfy 
p(u) = p(v) = p(w). In fact, u, v, w need not form a triangular face here; it is possible for their 
centroid to be an interior point of the polytope. The existence of sufficiently many triangles 
in the graph (I-skeleton) of P is suffiCient to force p to be constant, and thus irreducibility. 
Just looking at the definition, one would think it easier to give examples of reducible 
convex sets, yet we are only offering here conditions which are sufficient for irreducibility. We 
do have some conditions which are sufficient for reducibility, but they are not very exciting. 
It turns out that in higher dimensions, irreducible convex bodies are the Silent Majority; i.e. 
most convex bodies (in the sense of Baire Category) are irreducible. 
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3 Decomposability 
A concept which is related to reducibility, and until now much more studied, is the following: a 
finite dimensional compact convex set A (not necessarily symmetric) is said to be decomposable 
if it can be expressed as a sum A = B + C, where Band C are compact convex sets not 
homothetic to A; otherwise A is indecomposable. It is clear that a (symmetric) reducible set 
is decomposable, but the converse is false. For example, any parallelogram is decomposable, 
but not reducible. The only 2-dimensional indecomposable bodies are triangles. In three and 
higher dimensions, it is much harder to decide which sets are decomposable. Meyer [4] and 
Smilansky [8] showed that the question of decomposability of polytopes can also be reduced 
to a computational problem in linear algebra. 
It is not surprizing to learn that a polytope is indecomposable if "sufficiently many" of 
its 2-dimensional faces are triangles. This is one of the earliest results in this area. What 
does "sufficiently many" mean? Shephard [6] showed that a polytope is indecomposable if 
it contains a sequence of triangular faces, each successive pair of which has a common edge, 
whose union contains all the vertices. Over the years, this condition has been weakened in 
a number of ways, most notably by McMullen [3] and Kallay [2]. In particular, it is enough 
to assume that there is a sequence of indecomposable subgraphs (whose technical definition 
we omit), each successive pair of which shares two vertices (not necessarily a common edge), 
and whose union touches every facet. 
Further weakening of these conditions is the object of current research work with K. 
Przeslawski. In [5], we note that a triangle in the graph of a polytope is a special case of an 
affinely independent cycle, and that this is an example of a decomposable geometric graph 
in the sense of Kallay. In particular, the existence of 4-cycles which are not coplanar can 
be used to prove indecomposability of certain polytopes. This leads to new specimens of 
indecomposable polytopes. 
EXAMPLES 4 There is a combinatorially indecomposable polyhedron with 11 vertices and 6 
triangular faces, no two of which have a common edge, but which in any geometric realization, 
has two affinely independent 4-cycles, with two vertices in common, ·whose union touches every 
face. There is also a combinatorially indecomposable polytope with nine vertices and only four 
triangular faces, of which no two have a common edge. 
In both cases, traditional methods of proving indecomposability are not applicable. 
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